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013.10.0Abstract In this article, we studied MHD peristaltic ﬂow of a Carreau nanoﬂuid in an asymmetric
channel. The ﬂow development is carried out in a wave frame of reference moving with velocity of
the wave c1. The governing nonlinear partial differential equations are transformed into a system of
coupled nonlinear ordinary differential equations using similarity transformations and then tackled
numerically using the fourth and ﬁfth order Runge–Kutta–Fehlberg. Numerical results are
obtained for dimensionless velocity, stream function, pressure rise, temperature and nanoparticle
volume fraction. It is found that the pressure rise increases with increase in Hartmann Number
and thermophoresis parameter.
ª 2013 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University.1. Introduction
Nanoﬂuids are moderately new category of ﬂuids which consist
of a base ﬂuid with nano-sized particles (1–100 nm) suspended
within them. The term ’’nanoﬂuid’’ was ﬁrst proposed by Choi
[1]on Argonne National Laboratory at 1995. He investigated
that nanoﬂuids reduced pumping power as compared to pure li-
quid to achieve equivalent heat transfer intensiﬁcation and par-
ticle clogging as compared to conventional slurries, thus90642182.
(N.S. Akbar).
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03promoting system miniaturization. Xuan and Roetzel [2], ana-
lyzed theoretically the ﬂow of a nanoﬂuid inside a tube using a
dispersion model. Heat transfer enhancement in a two-dimen-
sional enclosure utilizing nanoﬂuids is presented by Khanafer
et al. [3] for various pertinent parameters. They developedmodel
to analyze heat transfer performance of nanoﬂuids inside an
enclosure taking into account the solid particle dispersion. Re-
view of convective heat transfer enhancement with nanoﬂuids
is given by Sadik and Pramuanjaroenkij [4]. The literature sur-
vey of Sadik and Pramuanjaroenkij [4] shows that nanoﬂuids
signiﬁcantly improve the heat transfer capability of conven-
tional heat transfer ﬂuids such as oil or water by suspending
nanoparticles in these base liquids. In the peristaltic literature
nanoﬂuid was ﬁrst introduced by Nadeem and Akbar [5]. They
discussed endoscopic effects on the peristaltic ﬂow of a nano-
ﬂuid. They made the analysis in two concentric tubes and dis-
cussed the applications of endoscope. Recent articles on the
nanoﬂuids are cited in Refs. [6–11].aculty of Engineering, Alexandria University.
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ing contraction on the tubes/channels walls. This analysis was
ﬁrst discussed by Latham [12]. He presented ﬂuid motion in
peristaltic pump. He also discussed the characteristic of pres-
sure rise versus ﬂow rate. After the pioneering work of Latham
[12], Jaffrin and Shapiro [13] investigated the peristaltic pump-
ing. They made the analysis under the assumption of long wave
length and low Reynolds number approximations. Later on a
number of analytical, numerical and experimental studies of
peristaltic ﬂows of different ﬂuids have been reported under dif-
ferent conditions with reference to physiological and mechani-
cal situations. Peristaltic pumping by a sinusoidal traveling
wave in the porous walls of a two-dimensional channel ﬁlled
with a viscous incompressible conducting ﬂuid under the effect
of transverse magnetic ﬁeld is investigated theoretically and
graphically by El-Shehawey and Husseny [14]. Non-linear peri-
staltic transport of a Newtonian ﬂuid in an inclined asymmetric
channel through a porous medium is examined by Kothanda-
pani and Srinivas [15]. In another article Srinivas and Kot-
handapani [16]. investigated the effects of heat and mass
transfer on peristaltic transport in a porous space with compli-
ant walls. They considered that ﬂuid is electrically conducting
in the presence of a uniform magnetic ﬁeld and developed ana-
lytical solution under long-wavelength and low-Reynolds num-
ber approximations. Haroun [17], Mekheimer [18] and Nadeem
and Akbar [19,20] coated the peristaltic ﬂow phenomena in dif-
ferent geometries for different ﬂuid models. Some more rele-
vant article related to the topic are cited in Refs. [21–25].
The aim of the current study is to discuss the peristaltic ﬂow
of Carreau nanoﬂuid in an asymmetric channel. The study of
Carreau nanomodel for peristaltic ﬂow problems is not ex-
plored so far. Therefore, to ﬁll this gape in the present analysis
we have discussed the peristaltic ﬂow of Carreau ﬂuid model
with nanoparticle phenomena in an asymmetric channel. The
article presentation is carried out as follows. Next section
describes the mathematical formulation of the problem.
Numerical solution graphically and in tabulated form for
velocity, pressure rise, temperature, nanoparticle phenomena
and streamlines have been presented in section three. Conclu-
sion of the present work is presented in the last section of the
article.
2. Mathematical formulation
Let us discussed an incompressible Carreau ﬂuid with nano-
particle in an asymmetric channel of width d1 + d2. The chan-
nel has a sinusoidal wave propagating with constant speed c1
on the channel walls induces the ﬂow. The asymmetric of the
channel is due to different amplitudes. Temperature T0;T1
and nanoparticle concentrations C0;C1 are given to the upper
and lower wall of the channel. The wall surfaces are selected to
satisfy the following expressions
Y ¼ H1 ¼ d1 þ a1 cos 2pk X ctð Þ
 
;
Y ¼ H2 ¼ d2  b1 cos 2pk X ctð Þ þ /
 
: ð1Þ
In the above equations a1 and b1 are the waves amplitudes,
k is the wave length, d1 þ d2 is the channel width, c1 is the wave
speed, t is the time, X is the direction of wave propagation and
Y is perpendicular to X. The phase difference / varies in therange 0 6 / 6 p. When / ¼ 0 then symmetric channel with
waves out of phase can be described and for / ¼ p, the waves
are in phase. Moreover, a1; b1; d1; d2 and / satisﬁes the follow-
ing relation
a21 þ b21 þ 2a1b1 cos/ 6 d1 þ d2ð Þ2:
The coordinates, velocity components and pressure be-
tween ﬁxed and wave frames are related by the following
transformations:
x ¼ X c1t; y ¼ Y; u ¼ U c1; v ¼ V; p xð Þ ¼ P X; t
 
; ð2Þ
in which ðx; yÞ; ðu; vÞ and p are the coordinates, velocity
components and pressure in the wave frame.
The constitutive equation for Carreau ﬂuid is given by [19]
g g1ð Þ
g0  g1ð Þ
¼ 1þ C_c 2h i n1ð Þ2 ; ð3aÞ
sij ¼ g0 1þ
n 1ð Þ
2
C_c
 2 _cij; ð3bÞ
in which sij is the extra stress tensor, g1 is the inﬁnite shear
rate viscosity, g0 is the zero shear rate viscosity, C is the time
constant, n is the Power law index and _c is deﬁned as
_c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
X
i
X
j
_cij_cji
r
¼
ﬃﬃﬃﬃﬃﬃﬃ
1
2
P
r
: ð3cÞ
Here P is the second invariant strain tensor.
Velocity stream function relation and nondimensional
quantities are
u ¼ @W
@y
; v ¼ d @W
@x
; ð4Þ
x ¼ 2px
k
; y ¼ y
d1
; u ¼ u
c1
; v ¼ v
c1
; t ¼ 2pt
k
; d ¼ 2pd1
k
;
d ¼ d2
d1
; P ¼ 2pd
2
1P
lc1k
; h1 ¼
h1
d1
; h2 ¼
h2
d2
; Re ¼ qc1d1
l
; a ¼ a1
d1
;
b ¼ a2
d1
; d ¼ d2
d1
; S ¼ Sd1
lc1
; We ¼ Cc
a2
; h ¼ T T0
T1  T0
;
r ¼ C C0
C1  C0
; a ¼ k
qcð Þf
; Nb ¼
qcð ÞpDB C1  C0
 
qcð Þfm
; Pr ¼ ma ;
Nt ¼
qcð ÞpDT T1  T0
 2
T0 qcð Þfm
; Gr ¼
gad21 T1  T0
 
mc1
;
Br ¼
gad21 C1  C0
 
mc1
: ð5Þ
Using Eqs. 2, 3, 4, 5, 6 after using the long-wavelength and
low-Reynold’s number approximation, we ﬁnally obtain the
following system of equations for Carreau nanoﬂuid.
@2
@y2
@2W
@y2
þ n 1ð Þ
2
We2
@2W
@y2
 3
M2W
" #
þ Gr @h
@y
þ Br @r
@y
¼ 0; ð6Þ
dP
dx
¼ @
@y
@2W
@y2
þ n 1ð Þ
2
We2
@2W
@y2
 3
M2W
" #
þ Grhþ Brr; ð7Þ
0 ¼ @
2h
@y2
þ PrNb @r
@y
@h
@y
þ PrNt @h
@y
 2
; ð8Þ
Numerical simulation of peristaltic ﬂow of a Carreau nano ﬂuid in an asymmetric channel 1930 ¼ @
2r
@y2
 
þ Nt
Nb
@2h
@y2
 
: ð9Þ
where Pr the Prandtl number, We is the Weissenberg number,
Nb the Brownian motion parameter, Nt the thermophoresis
parameter, Gr the local temperature Grashof number, M the
Hartmann number, Br local nanoparticle Grashof number.
Corresponding boundary conditions for asymmetric chan-
nel in nondimensional form take the following form
W ¼ F
2
;
@W
@y
¼ 1; at y ¼ h1 ¼ 1þ a cos x; ð10aÞ
W ¼ F
2
;
@W
@y
¼ 1; at y ¼ h2 ¼ d b cosðxþ /Þ; ð10bÞ
h ¼ 0; r ¼ 0; y ¼ h1 ¼ 1þ a cosx; ð10cÞ
h ¼ 1; r ¼ 1; y ¼ h2 ¼ d b cosðxþ /Þ ð10dÞQ
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Figure 1 (a–f) PressureThe time mean Q (in the wave frame) are deﬁned as
Q ¼ Fþ 1þ d: ð11Þ
The dimensionless pressure rise DP is deﬁned as
DP ¼
Z 1
0
dP
dx
 
dx: ð12Þ3. Results and discussion
We have examined the pressure rise, pressure gradient, veloc-
ity, temperature, nanoparticle phenomena and streamlines for
Carreau nanoﬂuid model numerically. In order to analyze the
pressure rise per wavelength the pressure rise against volume
ﬂow rate is portrayed in Fig. 1(a–f). It is observed that theQ
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Figure 2 (a–f) Velocity proﬁle.
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Figure 4 (a–c) Nano particle proﬁle.
-1.5
-1
-0.5
0
0.5
1
-1.5
-1
-0.5
0
0.5
1
-1.5
-1
-0.5
0
0.5
1
-1.5
-1
-0.5
0
0.5
1
y
y y
y
-4 -2 0 2 4 -4 -2 0 2 4
-4 -2 0 2 4 -4 -2 0 2 4
x x
x x
(c)
(e)
x
y
-4 -2 0 2 4
-1.5
-1
-0.5
0
0.5
1
(a) We=0.2
x
y
-4 -2 0 2 4
-1.5
-1
-0.5
0
0.5
1
(b) We=0.4
(d)
(f)
n=2 n=4
M=1 M=3
Figure 5 Streamlines for a ¼ 0:5; b ¼ 0:5; d ¼ 1;/ ¼ 0:4;Gr ¼ 2;Br ¼ 2;Nb ¼ 0:5;Nt ¼ 0:5;K ¼ 1;Pr ¼ 1.
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Table 1 Numerical values of velocity proﬁle for x ¼ 1; a ¼ 0:1; d ¼ 1;Nb ¼ 0:5;Nt ¼ 0:5;Br ¼ 1;Gr ¼ 5;M ¼ 2;Q ¼ 2;/ ¼ 0:4;
We ¼ 0:2; b ¼ 0:5; n ¼ 2.
# y u(x, y) # y u(x, y) # y u(x, y)
1.10 1.00000 0.39 0.41064 0.39 0.16781
1.00 0.70803 0.29 0.46499 0.49 0.04238
0.89 0.38724 0.19 0.49067 0.59 0.10135
0.79 0.14664 0.09 0.48981 0.69 0.26296
0.69 0.04980 0.09 0.42715 0.89 0.63894
0.59 0.20594 0.19 0.36109 0.99 0.85334
0.49 0.32519 0.29 0.27432 1.10 1.00000
Table 2 Numerical values of pressure rise DP for a ¼ 0:5;Pr ¼ 1; d ¼ 1;Nb ¼ 0:5;Nt ¼ 0:5;Br ¼ 2;Gr ¼ 2;M ¼ 2;/ ¼ 0:4; b ¼ 0:5;
n ¼ 2;We ¼ 1:5.
# Q DP # Q DP # Q DP
3.0 11.59503 1.0 6.13636 1.0 0.597007
2.5 9.87075 0.5 4.97221 1.5 1.46174
2.0 8.45405 0.0 3.74410 2:5 7.02264
1.5 7.26583 0.5 2.30386 3:0 10.7076
196 N.S. Akbar et al.pressure rise and volume ﬂow rate are giving opposite behav-
ior. From Fig. 1(a–f) it is also noticed that in pumping region
(DP > 0), the pressure rise increases with increase in Hart-
mann number M, Power law index n, Weisenberg number
We, the thermophoresis parameter Nt, temperature Grashof
number Gr and amplitude ratio a. Fig. 1(a–f) also show that
in the augmented pumping region for (DP < 0), the pressure
decreases when Hartmann number M, Power law index n,
Weisenberg number We, the thermophoresis parameter Nt,
temperature Grashof number Gr and amplitude ratio a are
increased. Free pumping region holds when ðDP ¼ 0Þ. Varia-
tions of Hartmann number M, Power law index n, Weisen-
berg number We, ﬂow rate Q, local temperature Grashof
number Gr and thermophoresis parameter Nt on the velocity
proﬁle are shown in Fig. 2(a–f). Fig. 2(a and b) depicts that
the behavior of velocity near the channel walls and at center
is not similar in view of the Hartmann number M and Power
law index n. The velocity ﬁeld increases with the increase in
M and n near the channel walls however it decreases in the
center of the channel. Velocity ﬁeld increases with an increase
in ﬂow rate Q (see Fig. 2(c)). Fig. 2(d) depicts that by increas-
ing Nt velocity ﬁeld increases in the region y 2 ½1:5; 0 and
decreases in rest of the region y 2 ½0:1; 1:1. It is observed
through Fig. 2(e) that by increasing Gr velocity ﬁeld increases
in the region y 2 ½1:5; 0 and decreases otherwise in the re-
gion y 2 ½0:1; 1:1. Velocity ﬁeld decreases in the region
y 2 ½1:5; 0 and increases otherwise in the region
y 2 ½0:1; 1:1 when the value of Weisenberg number We
increases.
The variation of temperature proﬁle and nanoparticle con-
centration for different values of thermophoresis parameter Nt
Prandtl parameter Pr and Brownian motion parameter Nb are
plotted in Figs. 3 and 4. Here the temperature proﬁle increases
when thermophoresis parameter Nt, Prandtl parameter Pr and
Brownian motion parameter Nb are increased and nanoparticle
concentration decreases when there is an increase in the values
of thermophoresis parameter Nt, Prandtl parameter Pr and in-
creases with an increase in Brownian motion parameter Nb.The trapping for different values of We; n and M is
shown in Fig. 5(a–f). It is seen from Fig. 5(a and b) that
the size of the trapping bolus decreases with an decrease
in We (in the upper and lower part of the channel).
Fig. 5(c and d) shows that the size of trapping bolus
increases with an decrease in n in the upper and lower parts
of the channel. Inﬂuence of M on streamlines is shown
through Fig. 5(e and f), it is observed that with the increase
in M size of trapping bolus decreases but number of bolus
increases. Tables 1 and 2 gives the numerical values for
velocity proﬁle and pressure rise.4. Concluding remarks
The present study discussed the MHD peristaltic ﬂow of a Car-
reau nanoﬂuid in an asymmetric channel. The main points of
the current analysis are as follows:
1. The qualitative behaviors of Hartmann number M,
Power law index n, Weisenberg number We, the
thermophoresis parameter Nt, temperature Grashof
number Gr and amplitude ratio a on the pressure rise
are same.
2. The pressure rise increases with the increase of Hart-
mann number M, Power law index n, Weisenberg num-
ber We, the thermophoresis parameter Nt, temperature
Grashof number Gr and amplitude ratio a.
3. The behavior of velocity near the channel walls and at
center is not similar in view of the Hartmann number
M and Power law index n.
4. The velocity ﬁeld increases with the increase in M and n
near the channel walls however it decreases in the center
of the channel.
5. Velocity ﬁeld increases with an increase in ﬂow rate Q.
6. The temperature proﬁle increases when thermophoresis
parameter Nt, prandtl parameter Pr and Brownian
motion parameter Nb are increased.
Numerical simulation of peristaltic ﬂow of a Carreau nano ﬂuid in an asymmetric channel 1977. Nanoparticle phenomena decreases when there is an
increase in the values of thermophoresis parameter Nt,
prandtl parameter Pr and increases with an increase in
Brownian motion parameter Nb.
8. Temperature proﬁle increases with an increase in Nt and
Nb.
9. Nanoparticle phenomena decreases with in Nt and
increases with increase in Nb.
10. The size of the trapping bolus decreases with the
decrease in We (in the upper and lower part of the
channel).
11. The size of trapping bolus increases with the decrease in
n in the upper and lower parts of the channel
12. It is observed that with the increase inM size of trapping
bolus decreases but number of bolus increases.
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